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Announcements

• P4 out Soon(TM)



Last Time: Two-View Stereo



Reading

Szeliski 12.1.1
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Goals
• Understand the basics of modeling image formation: 

• Light sources (point, directional, area) 

• Materials (diffuse/Lambertian, specular, directional diffuse) 

• Understand the intuition behind the cosine proportionality of image 
intensity to dot(N,L) 

• Be prepared to implement photometric stereo to solve for surface 
normals in a sequence of grayscale or color images with known 
light directions. 

• Understand how to use matrix factorization (using the SVD) to solve 
for surface normals and light directions jointly.



Last Time: Two-View Stereo

Key Idea: use feature motion to understand shape



Today: Photometric Stereo

Key Idea: use pixel brightness to understand shape



Today: Photometric Stereo

Key Idea: use pixel brightness to understand shape



Photometric Stereo

Input 
(1 of 12)

Normals (RGB 
colormap)

Normals (vectors) Shaded 3D 
rendering

Textured 3D  
rendering

What results can you get?



Photometric Stereo
What results can you get?What results can you get?



Radiometry
• What determines brightness of an image 

pixel?
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Light Sources

Basic types of light sources:

• point source

• directional source


(a point source that’s infinitely far away)

• area source


(a union of point sources)


What happens when light hits an object?
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Materials - Three Forms
Ideal diffuse 
(Lambertian)

Ideal
specular

Directional
diffuse
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Reflectance—Three Forms

Ideal diffuse 
(Lambertian)

Directional
diffuse

Ideal
specular
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Ideal Diffuse Reflection

• Characteristic of multiple scattering 
materials

• An idealization but reasonable for matte 
surfaces



Directional Lighting

• Key property: all rays are parallel 
• Equivalent to an infinitely distant point source



Lambertian Reflectance 
under directional lighting

I = N · L
Image 

intensity
Surface 
normal

Light 
direction= ·

Image 
intensity / cos(angle between N and L)



Lambertian Reflectance

1. Incoming: Reflected energy is proportional to cosine of 
the angle between L and N 

2. Outgoing: Measured intensity is viewpoint-independent



Lambertian Reflectance: Incoming
1. Incoming: Reflected energy is proportional to 

cosine of angle between L and N



Lambertian Reflectance: Incoming
1. Incoming: Reflected energy is proportional to 

cosine of angle between L and N



Lambertian Reflectance: Incoming

Light (energy) hitting surface is proportional to the cosine

1. Incoming: Reflected energy is proportional to 
cosine of angle between L and N



Lambertian Reflectance: Outgoing
2. Outgoing: Measured intensity is viewpoint-independent



Lambertian Reflectance: Outgoing
2. Outgoing: Measured intensity is viewpoint-independent



Lambertian Reflectance: Outgoing

✓

2. Outgoing: Measured intensity is viewpoint-independent



Lambertian Reflectance: Outgoing

✓

A / 1

cos(✓)
.

Radiance 
(what the camera measures)

/ B0 cos(✓)
1

cos(✓)

2. Outgoing: Measured intensity is viewpoint-independent



Image Formation Model: Final

1. Diffuse albedo: what fraction of incoming light is 
reflected? 

• Introduce scale factor   
2. Light intensity: how much light is arriving? 

• Compensate with camera exposure (global scale factor) 
3. Camera response function 

• Assume pixel value is linearly proportional to incoming 
energy (perform radiometric calibration if not)

kd



A Single Image: Shape from Shading

Assume      is 1 for now. 
What can we measure from one image? 

•               is the angle between N and L 
• Add assumptions: 

• A few known normals (e.g. silhouettes) 
• Smoothness of normals

kd

cos�1(I)

In practice, SFS doesn’t work very well: assumptions are too 
restrictive, too much ambiguity in nontrivial scenes.



Multiple Images: Photometric Stereo

N

L1
L2

V

L3

Write this as a matrix equation:



Solving the Equations
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Solving the Equations

• When is L nonsingular (invertible)? 
• All 3 light directions are linearly independent, or: 
• Light direction vectors are not coplanar. 

• What if we have more than one pixel? 
• Stack them all into one big system.



More than Three Lights

• Solve using least squares: 

• Given G, solve for N and      as before.kd

I = kdN
TL
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A      x    =  b

kd = ||x||
<latexit sha1_base64="qk3MjE+Zr4yYENMVKIN5Uj+lx38=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0ItQ9OKxgv2ANJTNZtMu3WzC7kYsSX+GFw+KePXXePPfuG1z0NYHA4/3ZpiZ5yecKW3b31ZpZXVtfaO8Wdna3tndq+4ftFWcSkJbJOax7PpYUc4EbWmmOe0mkuLI57Tjj26nfueRSsVi8aDHCfUiPBAsZARrI7mjfoCuUZ4/5Xm/WrPr9gxomTgFqUGBZr/61QtikkZUaMKxUq5jJ9rLsNSMcDqp9FJFE0xGeEBdQwWOqPKy2ckTdGKUAIWxNCU0mqm/JzIcKTWOfNMZYT1Ui95U/M9zUx1eeRkTSaqpIPNFYcqRjtH0fxQwSYnmY0MwkczcisgQS0y0SaliQnAWX14m7bO6c1637y9qjZsijjIcwTGcggOX0IA7aEILCMTwDK/wZmnrxXq3PuatJauYOYQ/sD5/AOHdkP0=</latexit>

N =
x

||x||
<latexit sha1_base64="618jZGbUtq4XotDT8D3q2NR8HkI=">AAAB/HicbVDLSsNAFL2pr1pf0S7dDBbBVUlU0I1QdONKKtgHtKFMppN26OTBzERakvgrblwo4tYPceffOG2z0NYDFw7n3Mu997gRZ1JZ1rdRWFldW98obpa2tnd298z9g6YMY0Fog4Q8FG0XS8pZQBuKKU7bkaDYdzltuaObqd96pEKyMHhQk4g6Ph4EzGMEKy31zPIdukJdT2CSjLMkTcdpmvXMilW1ZkDLxM5JBXLUe+ZXtx+S2KeBIhxL2bGtSDkJFooRTrNSN5Y0wmSEB7SjaYB9Kp1kdnyGjrXSR14odAUKzdTfEwn2pZz4ru70sRrKRW8q/ud1YuVdOgkLoljRgMwXeTFHKkTTJFCfCUoUn2iCiWD6VkSGWCehdF4lHYK9+PIyaZ5W7bOqdX9eqV3ncRThEI7gBGy4gBrcQh0aQGACz/AKb8aT8WK8Gx/z1oKRz5ThD4zPH/iHlP4=</latexit>



Previously:

More than one pixel

I

3 x n

N L= *

1 x 31 x n
n = # images



Stack all pixels into one system: 

Solve as before.

More than one pixel

I

3 x n

N L=
p x 3p x n

*

p = # pixels 
n = # images



Color Images
• Now we have 3 equations for a pixel: 

• Simple approach: solve for N using 
grayscale or a single channel. 

• Then fix N and solve for each channel’s     :

 34

Color images
The case of RGB images

• get three sets of equations, one per color channel:

• Simple solution:  first solve for N using one channel or 
grayscale

• Then substitute known N into above equations to get kd s

� �

k d  

I iL iN
T

i

¦

(L iN
T ) 2

i

¦

kd

Color images
The case of RGB images

• get three sets of equations, one per color channel:

• Simple solution:  first solve for N using one channel or 
grayscale

• Then substitute known N into above equations to get kd s
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Determining Light Directions
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• Trick: Place a mirror ball in the scene. 

• The location of the highlight is determined 
by the light source direction.



• For a perfect mirror, the light is reflected 
across N: 

• So the light source direction  
is given by:

Determining Light Directions
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For a perfect mirror, light is reflected about N

Recall the rule for specular reflection

We see a highlight when V = R
• then L is given as follows:

¯
®
­  

 
otherwise0

if RVi
e

I
I

L = 2(N ·R)N �R



• For a sphere with highlight at point H: 

• R = direction of the camera from C = 
•

Determining Light Directions
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Computing the light source direction

Can compute T (and hence N) from this figure
Now just reflect V about N to obtain L

N

rN

C

H

c

h

Chrome sphere that has a highlight at position h in the image

image plane

sphere in 3D

T

� �

N  

x h � x c
r

y h � y c
r

r 2 � x 2 � y 2

r

§�

©�

¨�
¨�
¨�
¨�
¨�
¨�

·�

¹�

¸�
¸�
¸�
¸�
¸�
¸�

Compute N:

Nx =
xh � xc

r

Ny =
yh � yc

r

Nz =
p

1� x2 � y2

[0 0 1]T

L = 2(N ·R)N �R



Results
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from Athos Georghiades 



Results

Input 
(1 of 12)

Normals (RGB 
colormap)

Normals (vectors) Shaded 3D 
rendering

Textured 3D  
rendering



For (unfair) Comparison
• Multi-view stereo 

results on a similar 
object 

• 47+ hrs compute time
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Modern MVS 
result

Ground truth



Taking Stock: Assumptions
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Lighting Materials Geometry Camera

directional diffuse convex /  
no shadows linear

known direction no inter-
reflections orthographic

> 2 nonplanar 
directions

no subsurface 
scattering



Questions?



• What we’ve seen so far: [Woodham 1980] 

• Next up: Unknown light directions 
[Hayakawa 1994]

Unknown Lighting
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Unknown Lighting
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I = kN · `L

Diffuse 
albedo

Light 
intensity

Surface 
normals

Light 
directions



Unknown Lighting
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Surface normals, 
scaled by albedo

Light directions, 
scaled by intensity

I = N · L



Unknown Lighting
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M

n 
= 

# 
im

ag
es

p = # pixels

L
N

= *

Same as before, just transposed:



Unknown Lighting
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= *

M L

N

Measurements  
(one image per row)

Light directions 
(scaled by intensity)

Surface normals 
(scaled by albedo)

Both L and N are now unknown! 
This is a matrix factorization problem.



= *Mij lix liy liz

njx

njy

njz
i

j j

i

M L

N

There’s hope: We know that M is rank 3

(n x 3)

(3 x p)

(n x p)

Mij = Li ·Nj

Unknown Lighting



M U
V

=
⌃

Use the SVD to decompose M:

SVD gives the best rank-3 approximation of a matrix. 

Unknown Lighting



M U
V

=
⌃

Use the SVD to decompose M:

What do we do with    ?⌃

Unknown Lighting



M U
V

=

Use the SVD to decompose M:

What do we do with    ?⌃

p
⌃

p
⌃

Unknown Lighting



M U
V

=

Use the SVD to decompose M:

Can we just do that?

p
⌃

p
⌃

Unknown Lighting



M U
V

=

Use the SVD to decompose M:

Can we just do that?

p
⌃

p
⌃

…almost.

A A�1

The decomposition is non-unique up to an invertible 3x3 A. 

Unknown Lighting



M U
V

=

Use the SVD to decompose M:

p
⌃

p
⌃A A�1

L = U
p
⌃A S = A�1

p
⌃V

Unknown Lighting



M U
V

=

Use the SVD to decompose M:

p
⌃

p
⌃A A�1

You can find A if you know  
• 6 points with the same reflectance, or 
• 6 lights with the same intensity.

L = U
p
⌃A S = A�1

p
⌃V

Unknown Lighting



Unknown Lighting: Ambiguities
GBR Transformations 

[Belhumeur  et  al.’97] 

Without additional assumptions, 
Shape can be recovered up to GBR transformations. 

• Multiple combinations of 
lighting and geometry can 
produce the same sets of 
images. 

• Add assumptions or prior 
knowledge about geometry 
or lighting, etc. to limit the 
ambiguity.



Questions?



Since 1994…

• Workarounds for many of the restrictive assumptions. 
• Webcam photometric stereo:

Ackermann et al. 2012 



Since 1994…

• Photometric stereo from unstructured photo 
collections (different cameras and viewpoints):

Shi et al, 2014



• Non-Lambertian (shiny) materials:

Since 1994…

Hertzmann and Seitz, 2005



Cookie Cookie 

Paint 

Cl ElClear Elasttomer 







Lights, camLights, cammera, actionmera, action 
Sensor Ligghts 

Cammera 




