
CSCI 241
Lecture 27


Runtime Analysis of Recursive Methods

Max-flow / Min-cut


Greatest Misses

T (0)
<latexit sha1_base64="1uKwjLlkA7MDPkETuxjXiNV0a2E=">AAAB63icbZDLSgMxFIbP1Futt6pLN8Ei1E2ZEUGXRTcuK/QG7VAyaaYNTTJDkhHK0Fdw40IRt76QO9/GzHQW2vpD4OM/55Bz/iDmTBvX/XZKG5tb2zvl3cre/sHhUfX4pKujRBHaIRGPVD/AmnImaccww2k/VhSLgNNeMLvP6r0nqjSLZNvMY+oLPJEsZASbzGrX3ctRteY23FxoHbwCalCoNap+DccRSQSVhnCs9cBzY+OnWBlGOF1UhommMSYzPKEDixILqv0033WBLqwzRmGk7JMG5e7viRQLrecisJ0Cm6lerWXmf7VBYsJbP2UyTgyVZPlRmHBkIpQdjsZMUWL43AImitldEZlihYmx8VRsCN7qyevQvWp4lh+va827Io4ynME51MGDG2jCA7SgAwSm8Ayv8OYI58V5dz6WrSWnmDmFP3I+fwDjbI13</latexit><latexit sha1_base64="1uKwjLlkA7MDPkETuxjXiNV0a2E=">AAAB63icbZDLSgMxFIbP1Futt6pLN8Ei1E2ZEUGXRTcuK/QG7VAyaaYNTTJDkhHK0Fdw40IRt76QO9/GzHQW2vpD4OM/55Bz/iDmTBvX/XZKG5tb2zvl3cre/sHhUfX4pKujRBHaIRGPVD/AmnImaccww2k/VhSLgNNeMLvP6r0nqjSLZNvMY+oLPJEsZASbzGrX3ctRteY23FxoHbwCalCoNap+DccRSQSVhnCs9cBzY+OnWBlGOF1UhommMSYzPKEDixILqv0033WBLqwzRmGk7JMG5e7viRQLrecisJ0Cm6lerWXmf7VBYsJbP2UyTgyVZPlRmHBkIpQdjsZMUWL43AImitldEZlihYmx8VRsCN7qyevQvWp4lh+va827Io4ynME51MGDG2jCA7SgAwSm8Ayv8OYI58V5dz6WrSWnmDmFP3I+fwDjbI13</latexit><latexit sha1_base64="1uKwjLlkA7MDPkETuxjXiNV0a2E=">AAAB63icbZDLSgMxFIbP1Futt6pLN8Ei1E2ZEUGXRTcuK/QG7VAyaaYNTTJDkhHK0Fdw40IRt76QO9/GzHQW2vpD4OM/55Bz/iDmTBvX/XZKG5tb2zvl3cre/sHhUfX4pKujRBHaIRGPVD/AmnImaccww2k/VhSLgNNeMLvP6r0nqjSLZNvMY+oLPJEsZASbzGrX3ctRteY23FxoHbwCalCoNap+DccRSQSVhnCs9cBzY+OnWBlGOF1UhommMSYzPKEDixILqv0033WBLqwzRmGk7JMG5e7viRQLrecisJ0Cm6lerWXmf7VBYsJbP2UyTgyVZPlRmHBkIpQdjsZMUWL43AImitldEZlihYmx8VRsCN7qyevQvWp4lh+va827Io4ynME51MGDG2jCA7SgAwSm8Ayv8OYI58V5dz6WrSWnmDmFP3I+fwDjbI13</latexit><latexit sha1_base64="1uKwjLlkA7MDPkETuxjXiNV0a2E=">AAAB63icbZDLSgMxFIbP1Futt6pLN8Ei1E2ZEUGXRTcuK/QG7VAyaaYNTTJDkhHK0Fdw40IRt76QO9/GzHQW2vpD4OM/55Bz/iDmTBvX/XZKG5tb2zvl3cre/sHhUfX4pKujRBHaIRGPVD/AmnImaccww2k/VhSLgNNeMLvP6r0nqjSLZNvMY+oLPJEsZASbzGrX3ctRteY23FxoHbwCalCoNap+DccRSQSVhnCs9cBzY+OnWBlGOF1UhommMSYzPKEDixILqv0033WBLqwzRmGk7JMG5e7viRQLrecisJ0Cm6lerWXmf7VBYsJbP2UyTgyVZPlRmHBkIpQdjsZMUWL43AImitldEZlihYmx8VRsCN7qyevQvWp4lh+va827Io4ynME51MGDG2jCA7SgAwSm8Ayv8OYI58V5dz6WrSWnmDmFP3I+fwDjbI13</latexit>

T (n)
<latexit sha1_base64="zA7J0mv6eNei85D57K2o5bJMt5A=">AAAB63icbZDLSgMxFIbP1Futt6pLN8Ei1E2ZEUGXRTcuK/QG7VAyaaYNTTJDkhHK0Fdw40IRt76QO9/GzHQW2vpD4OM/55Bz/iDmTBvX/XZKG5tb2zvl3cre/sHhUfX4pKujRBHaIRGPVD/AmnImaccww2k/VhSLgNNeMLvP6r0nqjSLZNvMY+oLPJEsZASbzGrX5eWoWnMbbi60Dl4BNSjUGlW/huOIJIJKQzjWeuC5sfFTrAwjnC4qw0TTGJMZntCBRYkF1X6a77pAF9YZozBS9kmDcvf3RIqF1nMR2E6BzVSv1jLzv9ogMeGtnzIZJ4ZKsvwoTDgyEcoOR2OmKDF8bgETxeyuiEyxwsTYeCo2BG/15HXoXjU8y4/XteZdEUcZzuAc6uDBDTThAVrQAQJTeIZXeHOE8+K8Ox/L1pJTzJzCHzmfP0GxjbU=</latexit><latexit sha1_base64="zA7J0mv6eNei85D57K2o5bJMt5A=">AAAB63icbZDLSgMxFIbP1Futt6pLN8Ei1E2ZEUGXRTcuK/QG7VAyaaYNTTJDkhHK0Fdw40IRt76QO9/GzHQW2vpD4OM/55Bz/iDmTBvX/XZKG5tb2zvl3cre/sHhUfX4pKujRBHaIRGPVD/AmnImaccww2k/VhSLgNNeMLvP6r0nqjSLZNvMY+oLPJEsZASbzGrX5eWoWnMbbi60Dl4BNSjUGlW/huOIJIJKQzjWeuC5sfFTrAwjnC4qw0TTGJMZntCBRYkF1X6a77pAF9YZozBS9kmDcvf3RIqF1nMR2E6BzVSv1jLzv9ogMeGtnzIZJ4ZKsvwoTDgyEcoOR2OmKDF8bgETxeyuiEyxwsTYeCo2BG/15HXoXjU8y4/XteZdEUcZzuAc6uDBDTThAVrQAQJTeIZXeHOE8+K8Ox/L1pJTzJzCHzmfP0GxjbU=</latexit><latexit sha1_base64="zA7J0mv6eNei85D57K2o5bJMt5A=">AAAB63icbZDLSgMxFIbP1Futt6pLN8Ei1E2ZEUGXRTcuK/QG7VAyaaYNTTJDkhHK0Fdw40IRt76QO9/GzHQW2vpD4OM/55Bz/iDmTBvX/XZKG5tb2zvl3cre/sHhUfX4pKujRBHaIRGPVD/AmnImaccww2k/VhSLgNNeMLvP6r0nqjSLZNvMY+oLPJEsZASbzGrX5eWoWnMbbi60Dl4BNSjUGlW/huOIJIJKQzjWeuC5sfFTrAwjnC4qw0TTGJMZntCBRYkF1X6a77pAF9YZozBS9kmDcvf3RIqF1nMR2E6BzVSv1jLzv9ogMeGtnzIZJ4ZKsvwoTDgyEcoOR2OmKDF8bgETxeyuiEyxwsTYeCo2BG/15HXoXjU8y4/XteZdEUcZzuAc6uDBDTThAVrQAQJTeIZXeHOE8+K8Ox/L1pJTzJzCHzmfP0GxjbU=</latexit><latexit sha1_base64="zA7J0mv6eNei85D57K2o5bJMt5A=">AAAB63icbZDLSgMxFIbP1Futt6pLN8Ei1E2ZEUGXRTcuK/QG7VAyaaYNTTJDkhHK0Fdw40IRt76QO9/GzHQW2vpD4OM/55Bz/iDmTBvX/XZKG5tb2zvl3cre/sHhUfX4pKujRBHaIRGPVD/AmnImaccww2k/VhSLgNNeMLvP6r0nqjSLZNvMY+oLPJEsZASbzGrX5eWoWnMbbi60Dl4BNSjUGlW/huOIJIJKQzjWeuC5sfFTrAwjnC4qw0TTGJMZntCBRYkF1X6a77pAF9YZozBS9kmDcvf3RIqF1nMR2E6BzVSv1jLzv9ogMeGtnzIZJ4ZKsvwoTDgyEcoOR2OmKDF8bgETxeyuiEyxwsTYeCo2BG/15HXoXjU8y4/XteZdEUcZzuAc6uDBDTThAVrQAQJTeIZXeHOE8+K8Ox/L1pJTzJzCHzmfP0GxjbU=</latexit>

T (n� 1)
<latexit sha1_base64="0ih+JLbULvpdOZPDyD/JPHYliaw=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8Ei1IVlRgRdFt24rNAbtEPJpJk2NpMMSUYoQ9/BjQtF3Po+7nwbM+0stPWHwMd/ziHn/EHMmTau++0U1tY3NreK26Wd3b39g/LhUVvLRBHaIpJL1Q2wppwJ2jLMcNqNFcVRwGknmNxl9c4TVZpJ0TTTmPoRHgkWMoKNtdrNqrjwzgfliltz50Kr4OVQgVyNQfmrP5QkiagwhGOte54bGz/FyjDC6azUTzSNMZngEe1ZFDii2k/n287QmXWGKJTKPmHQ3P09keJI62kU2M4Im7FermXmf7VeYsIbP2UiTgwVZPFRmHBkJMpOR0OmKDF8agETxeyuiIyxwsTYgEo2BG/55FVoX9Y8yw9XlfptHkcRTuAUquDBNdThHhrQAgKP8Ayv8OZI58V5dz4WrQUnnzmGP3I+fwAcbY4n</latexit><latexit sha1_base64="0ih+JLbULvpdOZPDyD/JPHYliaw=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8Ei1IVlRgRdFt24rNAbtEPJpJk2NpMMSUYoQ9/BjQtF3Po+7nwbM+0stPWHwMd/ziHn/EHMmTau++0U1tY3NreK26Wd3b39g/LhUVvLRBHaIpJL1Q2wppwJ2jLMcNqNFcVRwGknmNxl9c4TVZpJ0TTTmPoRHgkWMoKNtdrNqrjwzgfliltz50Kr4OVQgVyNQfmrP5QkiagwhGOte54bGz/FyjDC6azUTzSNMZngEe1ZFDii2k/n287QmXWGKJTKPmHQ3P09keJI62kU2M4Im7FermXmf7VeYsIbP2UiTgwVZPFRmHBkJMpOR0OmKDF8agETxeyuiIyxwsTYgEo2BG/55FVoX9Y8yw9XlfptHkcRTuAUquDBNdThHhrQAgKP8Ayv8OZI58V5dz4WrQUnnzmGP3I+fwAcbY4n</latexit><latexit sha1_base64="0ih+JLbULvpdOZPDyD/JPHYliaw=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8Ei1IVlRgRdFt24rNAbtEPJpJk2NpMMSUYoQ9/BjQtF3Po+7nwbM+0stPWHwMd/ziHn/EHMmTau++0U1tY3NreK26Wd3b39g/LhUVvLRBHaIpJL1Q2wppwJ2jLMcNqNFcVRwGknmNxl9c4TVZpJ0TTTmPoRHgkWMoKNtdrNqrjwzgfliltz50Kr4OVQgVyNQfmrP5QkiagwhGOte54bGz/FyjDC6azUTzSNMZngEe1ZFDii2k/n287QmXWGKJTKPmHQ3P09keJI62kU2M4Im7FermXmf7VeYsIbP2UiTgwVZPFRmHBkJMpOR0OmKDF8agETxeyuiIyxwsTYgEo2BG/55FVoX9Y8yw9XlfptHkcRTuAUquDBNdThHhrQAgKP8Ayv8OZI58V5dz4WrQUnnzmGP3I+fwAcbY4n</latexit><latexit sha1_base64="0ih+JLbULvpdOZPDyD/JPHYliaw=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8Ei1IVlRgRdFt24rNAbtEPJpJk2NpMMSUYoQ9/BjQtF3Po+7nwbM+0stPWHwMd/ziHn/EHMmTau++0U1tY3NreK26Wd3b39g/LhUVvLRBHaIpJL1Q2wppwJ2jLMcNqNFcVRwGknmNxl9c4TVZpJ0TTTmPoRHgkWMoKNtdrNqrjwzgfliltz50Kr4OVQgVyNQfmrP5QkiagwhGOte54bGz/FyjDC6azUTzSNMZngEe1ZFDii2k/n287QmXWGKJTKPmHQ3P09keJI62kU2M4Im7FermXmf7VeYsIbP2UiTgwVZPFRmHBkJMpOR0OmKDF8agETxeyuiIyxwsTYgEo2BG/55FVoX9Y8yw9XlfptHkcRTuAUquDBNdThHhrQAgKP8Ayv8OZI58V5dz4WrQUnnzmGP3I+fwAcbY4n</latexit>

T (n� 2)
<latexit sha1_base64="ncO1WLLPDi6dD9lIMLbBC7OXIBo=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8Ei1IVlphR0WXTjskJv0A4lk2ba2EwyJBmhDH0HNy4Ucev7uPNtTNtZaOsPgY//nEPO+YOYM21c99vJbWxube/kdwt7+weHR8Xjk7aWiSK0RSSXqhtgTTkTtGWY4bQbK4qjgNNOMLmb1ztPVGkmRdNMY+pHeCRYyAg21mo3y+KqejkoltyKuxBaBy+DEmRqDIpf/aEkSUSFIRxr3fPc2PgpVoYRTmeFfqJpjMkEj2jPosAR1X662HaGLqwzRKFU9gmDFu7viRRHWk+jwHZG2Iz1am1u/lfrJSa88VMm4sRQQZYfhQlHRqL56WjIFCWGTy1gopjdFZExVpgYG1DBhuCtnrwO7WrFs/xQK9VvszjycAbnUAYPrqEO99CAFhB4hGd4hTdHOi/Ou/OxbM052cwp/JHz+QMd8o4o</latexit><latexit sha1_base64="ncO1WLLPDi6dD9lIMLbBC7OXIBo=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8Ei1IVlphR0WXTjskJv0A4lk2ba2EwyJBmhDH0HNy4Ucev7uPNtTNtZaOsPgY//nEPO+YOYM21c99vJbWxube/kdwt7+weHR8Xjk7aWiSK0RSSXqhtgTTkTtGWY4bQbK4qjgNNOMLmb1ztPVGkmRdNMY+pHeCRYyAg21mo3y+KqejkoltyKuxBaBy+DEmRqDIpf/aEkSUSFIRxr3fPc2PgpVoYRTmeFfqJpjMkEj2jPosAR1X662HaGLqwzRKFU9gmDFu7viRRHWk+jwHZG2Iz1am1u/lfrJSa88VMm4sRQQZYfhQlHRqL56WjIFCWGTy1gopjdFZExVpgYG1DBhuCtnrwO7WrFs/xQK9VvszjycAbnUAYPrqEO99CAFhB4hGd4hTdHOi/Ou/OxbM052cwp/JHz+QMd8o4o</latexit><latexit sha1_base64="ncO1WLLPDi6dD9lIMLbBC7OXIBo=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8Ei1IVlphR0WXTjskJv0A4lk2ba2EwyJBmhDH0HNy4Ucev7uPNtTNtZaOsPgY//nEPO+YOYM21c99vJbWxube/kdwt7+weHR8Xjk7aWiSK0RSSXqhtgTTkTtGWY4bQbK4qjgNNOMLmb1ztPVGkmRdNMY+pHeCRYyAg21mo3y+KqejkoltyKuxBaBy+DEmRqDIpf/aEkSUSFIRxr3fPc2PgpVoYRTmeFfqJpjMkEj2jPosAR1X662HaGLqwzRKFU9gmDFu7viRRHWk+jwHZG2Iz1am1u/lfrJSa88VMm4sRQQZYfhQlHRqL56WjIFCWGTy1gopjdFZExVpgYG1DBhuCtnrwO7WrFs/xQK9VvszjycAbnUAYPrqEO99CAFhB4hGd4hTdHOi/Ou/OxbM052cwp/JHz+QMd8o4o</latexit><latexit sha1_base64="ncO1WLLPDi6dD9lIMLbBC7OXIBo=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8Ei1IVlphR0WXTjskJv0A4lk2ba2EwyJBmhDH0HNy4Ucev7uPNtTNtZaOsPgY//nEPO+YOYM21c99vJbWxube/kdwt7+weHR8Xjk7aWiSK0RSSXqhtgTTkTtGWY4bQbK4qjgNNOMLmb1ztPVGkmRdNMY+pHeCRYyAg21mo3y+KqejkoltyKuxBaBy+DEmRqDIpf/aEkSUSFIRxr3fPc2PgpVoYRTmeFfqJpjMkEj2jPosAR1X662HaGLqwzRKFU9gmDFu7viRRHWk+jwHZG2Iz1am1u/lfrJSa88VMm4sRQQZYfhQlHRqL56WjIFCWGTy1gopjdFZExVpgYG1DBhuCtnrwO7WrFs/xQK9VvszjycAbnUAYPrqEO99CAFhB4hGd4hTdHOi/Ou/OxbM052cwp/JHz+QMd8o4o</latexit>



Announcements
• A3 out soonish


• A4 graded next week



Goals
• Be able to solve simple recurrence 

relations to analyze the runtime of recursive 
methods.


• Get exposure to the max-flow/min-cut 
problem and some of its applications.


• Be able to solve all the hardest quiz 
problems from throughout the quarter.



Runtime Analysis: Review
• Why? We want a measure of performance 

that is


• Independent of what computer we run it on. 

• Dependence on problem size is made explicit. 
 

• Simpler than a raw count of operations and focuses on 
performance on large problem sizes.

Solution: count operations instead of clock time.

Solution: express runtime as a function of n 
(or whatever variables define problem size)

Solution: ignore constants, analyze asymptotic runtime.




Runtime Analysis: Review
• How?


1. Count the number of primitive (constant-time) 
operations that occur over the entire execution of the 
algorithm.


2. Drop constants and lower-order terms to find the 
asymptotic runtime class.



Counting Strategies:
1. Simple counting:

• How long does each line take?

• How many times does each line happen?

• Multiply and total it up.


2. Aggregate analysis:

• Reason about how many times a given line is executed 

independent of loops/code structure:

• Example: Radix sort 

 

• Example: Prim’s algorithm

for each bucket:
  for each element:
    // doesn’t happen 10*n times

for each vertex:
  for each edge:
    // doesn’t happen v*e times



Counting Strategies: 
3. Recurrences

• Counting is trickier without loop bounds.
public int listSize(Node n) {
  if (n == null) {
    return 0;
  }
  return 1 + listSize(n.next);
}



Counting Strategies: 
3. Recurrences

• Let T(n) be the runtime on a problem of size n.

T(n) = 1 + 1 + T(n-1)

T(0) = 1 + 1

public int listSize(Node n) {
  if (n == null) {
    return 0;
  }
  return 1 + listSize(n.next);
}

1
1

1 + T(n-1)

(only 1 of these 
can happen)



Counting Strategies: 
3. Recurrences

• Let T(n) be the runtime on a problem of size n.
public int listSize(Node head) {
  if (head == null) {
    return 0;
  }
  return 1 + listSize(head.next);
}

1
1

1 + T(n-1)

T(n) = 2 + T(n-1)
= 2 + 2 + T(n-2)
= 2 + 2 + 2 + T(n-3)…

T(0) = 2

= 2 + 2 + 2 + … +  T(0)
(there are n of these in total!)



Counting Strategies: 
3. Recurrences

/** Return the index of v in A[s..e], or -1 if it
 * doesn’t exist. Pre: 0 <= s <= e < A.length */
public int binSearch(int[] A, int v, int s, int e) {
  if ((e - s) == 0) {
    return -1;
  }
  int mid = (e+s)/2;
  if (A[mid] == v) {
    return mid;
  else if (A[mid] < v) {
    return binSearch(A, v, s, mid);
  } else {
    return binSearch(A, v, mid, e);
  }
}

T(n) = 4 + T(n/2)
T(0) = 2

1

1
1

1 (only 1 of these 
can happen)

1
Let n = e-s:

T(n/2)

T(n/2)

1
= 4 + 4 + T(n/4)
= 4 + 4 + 4 + T(n/8)



Counting Strategies: 
3. Recurrences

/** Return the index of v in A[s..e], or -1 if it
 * doesn’t exist. Pre: 0 <= s <= e < A.length */
public int binSearch(int[] A, int v, int s, int e) {
  if ((e - s) == 0) {
    return -1;
  }
  int mid = (e+s)/2;
  if (A[mid] == v) {
    return mid;
  else if (A[mid] < v) {
    return binSearch(A, v, s, mid);
  } else {
    return binSearch(A, v, mid, e);
  }
}

T(n) = 4 + T(n/2)
T(0) = 2

1

1
1

1

1
Let n = e-s:

T(n/2)

T(n/2)

1
= 4 + 4 + T(n/4)
= 4 + 4 + 4 + T(n/8)

…

= 4 + 4 + 4 + … + T(0)
= 4 + 4 + 4 + … + 2

(there are log(n) of these in total!)



Graph Cuts: 
Max Flow/ Min Cut




